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ABSTRACT: Polymer RISM (reference interaction site model) theory is used to examine the intermolec- 
ular radial distribution function and isothermal compressibility of semiflexible polymer melts. Chains are 
modeled as a series of linked, hard sites with a local bending energy proportional to the cosine of the bond 
angle. Chain stiffness is controlled by a single parameter, the persistence length, which may be matched 
to the material of interest. Comparisons of the predicted intermolecular radial distribution functions to 
the molecular dynamics results of Grest and Kremer for chains of 50, 100, and 150 sites show very good 
agreement on all length scales. Parametric studies as a function of chain length and chain stiffness reveal 
that as the characteristic stiffness is increased beyond three bond lengths, the radial distribution function 
and isothermal compressibility saturate, becoming relatively insensitive to chain length or stiffness. At low 
densities the local structure is dominated by a correlation hole, indicating a relative absence of intermolec- 
ular neighbors, while at high densities the pair correlation function shows a peak and valley structure, 
qualitatively similar to that of monatomic fluids. 

I. Introduction 
A series of recent papers has charted the development 

of the first tractable, statistical-mechanical theory for the 
equilibrium structure of dense polymer melts.'-7 The the- 
ory, which is based on an integral-equation approach, 
affords a first-principles look at  the local and long-range 
structure, thermodynamic behavior, and phase stability 
of polymeric fluids, without resorting to the mean-field 
and lattice-based assumptions inherent in earlier mod- 
els. In addition, predictions for structural properties, such 
as the static structure factor, can be compared to exper- 
imental results obtained through X-ray and neutron scat- 
tering. Previous applications have examined the site- 
site pair correlation structure f a c t ~ r , ' , ~ ? ~  and 
equation of state6 of model homopolymer melts, as well 
as the intermolecular structure, thermodynamic behav- 
ior, and apparent x parameter of binary  blend^.^ In this 
paper we explore the effects of chain stiffness on the inter- 
molecular structure of homopolymer melts. An under- 
standing of the role played by chain stiffness is essential 
for a quantitative theoretical description of the thermo- 
dynamics and phase behavior of polymer melts and blends. 

Our approach is based on an interaction site model of 
polymer structure. Each chain is modeled as a series of 
spherically symmetric "sites" which interact through hard- 
sphere potentials. Structural correlations are described 
by using the RISM ("reference interaction site model") 
formalism, originally developed by Chandler and Andersen 
for small, rigid molecules8 and extended to polymers by 
two of the present As applied to polymers, 
RISM theory describes the pair correlations between sites 
on neighboring chains, as summarized by the intermo- 
lecular site-site radial distribution function. In brief, given 
a knowledge of the intramolecular structure of a single 
chain, the theory describes the packing of chains in the 
melt and the consequent thermodynamic behavior. 

Unfortunately, in the RISM theory for flexible poly- 
mers the intramolecular structure is coupled nonlinearly 
to the intermolecular structure, and, in general, cannot 
be predicted a p r i ~ r i . ~ , ~ , ~  For dense melts, though, the 
problem can be rendered tractable by invoking the Flory 
"ideality" postulate-namely, that the long-range intramo- 
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lecular interactions in the melt are effectively screened 
out, down to nearly monomeric length scales, by inter- 
molecular interactions.l0-l2 In other words, a polymer 
chain in the melt has a configuration characteristic of a 
chain in a 8 solvent and (on length scales long compared 
to a segment length) exhibits random-flight scaling. This 
ideality has been predicted from theoretical arguments1@l2 
and confirmed by experimental studies13 and computer 
~imu1ation.l~ Thus, to a first approximation, the intramo- 
lecular structure can be obtained from a single-chain cal- 
culation in which long-range repulsive and medium-in- 
duced interactions are ignored. 

Previous numerical calculations have focused on 
G a ~ s s i a n ~ ~ ~ ~ ~ ~ ~  and ideal freely jointed chain  model^.^-^ 
These models invoke the ideality assumption on all length 
scales. Bond angles are random, so that the bond vec- 
tors between successive sites are completely uncorre- 
lated. Though sufficient to describe the universal, long- 
wavelength properties of chains, these models were found 
incapable of capturing some important structural details 
on monomeric length scales. In particular, comparisons 
with recent molecular dynamics results for nonoverlap- 
ping, freely jointed chains revealed that the idealized mod- 
els tend to underestimate the heights of the first and 
second peaks in the radial distribution function and that 
their intramolecular structure factors differed signifi- 
cantly from those observed in ~ imula t ion .~  By increas- 
ing the segmental bond length, however, much better agree- 
ment with simulation was obtained on short length scales 
(at the expense of shifting the secondary maxima and 
minima outward to unrealistic positions). This suggests 
that the main deficiency of these ideal models is their 
unrealistic flexibility on short length scales rather than 
their neglect of long-range excluded volume. 

Accordingly, the object of this study is to implement 
a more realistic chain model capable of describing corre- 
lations on all length scales and potentially applicable to 
polymeric systems of practical interest. To this end, we 
have employed a discrete analogue of the "wormlike" 
chain15J6 which retains the variable stiffness inherent in 
the original worm model while incorporating discrete sites 
along the chain backbone to mimic monomeric subunits. 
Use of a semiflexible model allows us to include approx- 
imately the local stiffness present in real chains due to 
molecular bonding constraints and bond rotational poten- 
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tials, as well as the induced stiffness arising from incom- 
pletely screened excluded-volume interactions. 

The wormlike chain, first introduced by Kratky and 
Porod” in 1949, has long served as a useful model in 
probing the effects of local chain stiffness and in inter- 
preting the results of light-scattering and X-ray measure- 
ments on semiflexible ~hains.’~-~O In this model, the chain 
is regarded as a continuous space curve with a local energy 
density associated with bending. Local stiffness is con- 
trolled by a single parameter, the persistence length. 
Although the exact intramolecular pair correlation func- 
tion is unknown for this model, Koyama18 has given an 
accurate approximate expression which interpolates 
between the known flexible-coil and rigid-rod limits while 
reproducing the exact second and fourth moments of the 
distribution. However, because RISM is inherently a site- 
site approach, the continuous worm is not directly ame- 
nable to investigation. 

In constructing a discrete-chain analogue of the worm, 
we replace the continuous curve by a series of linked, 
rigid rods in which the local bending energy is propor- 
tional to the cosine of the bond angle. By adjusting the 
persistence length, chain behavior can be varied from the 
flexible-coil to rigid-rod limits. The general functional 
form of the Koyama distribution is also applicable to this 
discrete model, thus supplying the required input into 
the RISM theory. Connection to experiment or com- 
puter simulation is made by matching a geometrical prop- 
erty of the semiflexible chain, such as the persistence 
length or average squared end-to-end distance, to the phys- 
ically observed value. 

Comparisons of theoretical calculations using the model 
described above with the recent molecular dynamics results 
of Grest and Kremer4y21 for chains of 50-200 segments 
show very good agreement on all length scales. Paramet- 
ric studies as a function of persistence length, density, 
and chain length reveal that  as the characteristic stiff- 
ness (persistence length) is increased to three or four mono- 
meric units, the radial distribution function and isother- 
mal compressibility saturate, becoming relatively insen- 
sitive to chain length or persistence length. On short length 
scales, though, the local structure is extremely sensitive 
to changes in density. 

Section I1 begins with a review of polymer RISM the- 
ory and a discussion of the semiflexible chain model. We 
then describe an approximate method for estimating the 
packing fraction of the model fluid and outline a pertur- 
bative scheme which allows predictions for hard-core flu- 
ids to be related to systems with soft-core repulsions. 
Numerical results are presented in section 111, beginning 
with comparisons to molecular dynamics results and con- 
tinuing with parametric studies as a function of chain 
length and stiffness. Finally, section IV concludes with 
some brief remarks and an overview of key results. 

11. Theory 
A. Polymer RISM Theory. The principal result of 

polymer RISM theory is a description of the local site 
density in the fluid, as measured by the site-site inter- 
molecular radial distribution function, g(r) .  This distri- 
bution function is proportional to the probability of find- 
ing two sites on different chains separated by a distance 
r. A value of g ( r )  > 1 implies that  the local density is 
greater than the average density, while a value of g(r )  < 
1 indicates that  it is less. 

The starting point for the theory is the generalized Orn- 
stein-Zernike matrix equation developed by Chandler and 
Andersen.8 This equation expresses the correlations 
between two specific sites a and y on different chains in 
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terms of a “direct” component, propagated directly between 
the two molecules, and an “indirect” component, medi- 
ated through a third molecule. For a chain composed of 
N identical sites, the generalized Ornstein-Zernike descrip- 
tion results in N ( N  + 2)/8 coupled, nonlinear integral 
equations corresponding to all distinct ( q y )  combina- 
tions [ ( N  + 1)(N + 3)/8 equations if N is odd], making 
the problem seemingly intractable for high polymers. How- 
ever, for a chain-averaged description of the local struc- 
ture and radiation scattering, as well as an evaluation of 
thermodynamic properties such as the bulk compress- 
ibility and equation of state, the quantity of key inter- 
est is the mean correlation function g ( r ) ,  obtained by aver- 
aging over all ( a , y )  pairs. A perturbative analysis shows 
that for this quantity the system of coupled integral equa- 
tions reduces to a single nonlinear integral equation2 

h(r)  = J d r ’ l d r ”  w ( l r  - r’l)c(lr’ - r”l)[w(r”) + p,h(r”)] 

(1) 
with the corrections being of 0(1/N2).  Here, pm is the 
average monomer (or site) density, h(r) g ( r )  - 1 is the 
total correlation function, and w(r )  is the single-chain cor- 
relation function 

where w&) is the probability density of finding sites (Y 

and y on the same chain separated by a distance r. c (r )  
is the direct correlation function, which can be consid- 
ered as being defined through eq 1. Physically, eq 1 fol- 
lows from the neglect of explicit chain-end effects on the 
intermolecular correlations, though such end effects are 
incorporated implicitly through ~ ( r ) .  In Fourier-trans- 
form space, eq 1 becomes simply 

h(k) = &(k)C(k)[j(k) + p ,h (k ) ]  (3) 

Generalization of eq 3 to polymer chains composed of 
nonidentical sites is straightforward. 

To uniquely determine h(r) and c ( r ) ,  the Percus- 
Y evick closure relations are introduced8Y2* 

h(r) =- I  r < u  (4) 
c ( r )  = 0 r > u ( 5 )  

where a is the hard-sphere diameter of a site. Equation 
4 is an exact relation which reflects the impenetrability 
of the hard spheres, while eq 5 is an approximation which 
follows from a literal interpretation of the “direct” nature 
of c ( r ) .  Equation 1 together with these closure relations 
defines the polymer RISM theory. 

Equation 1 is solved by using the variational approach 
of Lowden and Chandler.23 In analogy with the exact 
(Percus-Yevick) solution for N = 1,22 the direct correla- 
tion function is assumed to be a cubic polynomial in r 

which identically satisfies eq 5. Here, H(r )  denotes the 
Heaviside step function. The ai are unknown coeffi- 
cients to be determined subject to the two remaining con- 
ditions, eqs 1 and 4. Equations 1 and 4 are satisfied by 
the functional relation 

(7) 



3498 Honnell et al. Macromolecules, Vol. 23, No. 14, 1990 

The exact intramolecular distribution functions for these 
semiflexible models are unknown. For the worm, how- 
ever, Koyama has given an accurate approximate expres- 
sion which interpolates between rigid-rod and Gaussian- 
coil limits while reproducing (by construction) the cor- 
rect second and fourth moments of the distribution:l8Vz0 

' C i i  +I 

Figure 1. Local chain geometry. The bending energy is directly 
proportional to 1 + cos 0. 

where 

ZRisM s p ; S c ( r )  d r  - - S d k  1 (p,;(k)E(k) + In [ l -  
87r3 

Substitution of eqs 6 and 8 into eq 7 leads to four cou- 
pled nonlinear algebraic equations for the ai, which are 
solved by standard numerical techniques. h(r) is then 
determined through Fourier inversion of eq 3. 

B. Intramolecular S t r u c t u r e  Factor for  a Semi- 
flexible Chain. The only piece of information missing 
from the above analysis Ls an expression for the intramo- 
lecular structure factor, w ( k ) ,  required in eq 8. The semi- 
flexible model considered here is constructed as a dis- 
crete analogue of the wormlike chain. In the worm model, 
the chain is viewed as a continuous space curve with an 
elastic bending energy. Chain stiffness is controlled by 
a single, energy parameter, t .  If u(s) is the unit tangent 
to the curve at the point s, then the local energy density 
is given by16J9 

E ( s )  = -€ - 2 ! d u 1 2  ds 
The total energy of the worm is then found by integrat- 
ing E(s)  over all s. 

In passing to a discrete representation of a semiflexi- 
ble chain, the continuous curve is replaced by a series of 
N - 1 linked rods of length 1, and the derivative of the 
unit tangent with respect to contour length is replaced 
by its discrete counterpart, - la ) / l ,  where 1, is the 
bond vector between sites a and a + 1. (See Figure 1.) 
In analogy with eq 9, the bending energy associated with 
sites c t 9  ( t  -t 1, and ( i  + 2 is then given by 

1 
41a+1 - lm)4la+1 - 1,) E = -  

a 212 
= 41 + cos 8 )  (10) 

where 0 is the bond angle formed by the three sites. In 
keeping with the ideality postulate, we neglect long- 
range intramolecular interactions, so the total energy of 
the chain is simply given by a sum over all of the bond 
angles. 

Additional realism can be introduced into the stiff- 
chain model by including the short-range excluded-vol- 
ume interactions between sites separated by two bonds. 
In the linked hard-sphere model, this restricts the allow- 
able values of 8 to 8 L 80, where 

Alternatively, if one views each site as representing a col- 
lection of actual monomeric units (e.g., a statistical chain 
segment), i t  may be appropriate to allow for some degree 
of site-site interpenetration. Here, we adopt the impen- 
etrable viewpoint, in order to  make contact with com- 
puter simulation results. 

where 

(15) 

and CY and y are two points along the curve; ( r a y 2 )  and 
( rcr,4) denote the second and fourth moments of the dis- 
tribution between the two points. The Fourier trans- 
form of the distribution is given by 

As noted by Mansfield,20 the Koyama distribution is 
not limited to wormlike chains but, rather, can be applied 
to any semiflexible model for which ( r a y 2 )  and ( r a y 4 )  
are known (provided that ( ray4)/(ray2)2 5 5/3). For the 
model considered here, ( r a y 2 )  depends only on (cos 8)  
and, as a result, takes the same form as for the freely 
rot.ating chain16 

] (17) 
1 - (COS 8)   C COS 8) 1 - (-(COS 0))" - n12[ +- - 1 + (cos 8) R (1 + (cos 8 ) ) 2  

Here, n Icy - yI denotes the number of links between 
sites LY and y. The fourth moment is a function of both 
(cos 8)  and (cos2 8 )  and, hence, differs from that of the 
freely rotating chain. Porod has considered the calcula- 
tion of ( r a y 4 )  for an arbitrary chain model with specified 
values of (cos 8)  and (cos2 His final result, how- 
ever, contains several algebraic errors; the correct result 
is as follows: 

(18) 

q = -(cos e )  (20) 
p = (3(C0S2 8 )  - 1)/2 (21) 

n = la - yI (22) 
All that remains, then, is to supply values for (cos 8)  

and (cos2 8 ) .  Using eq 10, one may determine (cos e )  
from an ensemble average over the allowable bond angles 
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1 et* + cos doe-'* co% '0 

e(* - e-+ cos Bo (23) =- -  
€* 

where k B T  denotes the product of Boltzmann's constant 
and the temperature, e *  e/kBTis a dimensionless energy 
parameter, and 60 is determined by the short-range exclud- 
ed-volume interaction (eq 11). Similarly, ( cos2 e )  is found 
to be 

Thus, the intramolecular distribution is completely char- 
acterized by two parameters, N and €*. In place of €*, 

however, it  is convenient to quantify chain stiffness in 
terms of the persistence length, tp. The persistence length 
is a measure of the distance over which orientational cor- 
relations between bond vectors along the chain decay. 
Specifically, tP is defined as15J6 

For the semiflexible chain, the inner products required 
by eq 25 depend only on (cos d ) ,  so that tP takes the 
same form as for the freely rotating chain15J6 

(26) 
1 

[ p =  1 + (cosd) 

To implement this semiflexible model in RISM calcu- 
lations, the first step is to choose values for N and tP. 
Connection to experiment or simulation can be made by 
matching tp to the physically observed value for the mate- 
rial of interest. This uniquely determines (cos e )  through 
eq 26 and, in turn, fixes t* and (cos2 e )  through eqs 23 
and 24. For each distinct la - 71, ( r a y 2 )  and ( r a y 4 )  are 
found through eqs 17-22 and substituted into the Koyama 
formula (eqs 13-16) to give w,,(k).  The intramolecular 
structure factor, w ( k ) ,  is then found by numerically sum- 
ming over all ( c r , ~ )  pairs (eq 2). 
C. Overlap Correction. One unphysical aspect of 

the stiff-chain model which must be addressed stems from 
the presence of overlaps between nonbonded sites on the 
same chain, which decreases the amount of space occu- 
pied by the molecules. In comparing predictions for hard- 
core systems, it is desirable to carry out the comparison 
at  constant packing fraction, so that the molecules in each 
system physically occupy the same amount of space. How- 
ever, due to the neglect of intramolecular excluded-vol- 
ume interactions, a t  a given packing fraction 7) the mono- 
mer density ( p , )  of the ideal system considered here will 
be greater than the monomer density of the correspond- 
ing physical system. For a given 9, the monomer den- 
sity of our model system is given by 

-%- 1 
Pro - T u 3  1 - AN 

where AN represents that fraction of the nominal chain 
volume (Nm3/6) which can be attributed to unphysical 
overlaps between nonbonded sites. Assuming pairwise 
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overlaps, AN may be estimated from3 

Nxa3/6 

The term enclosed in brackets in eq 28 is the overlap 
volume of two spheres of diameter u whose centers are 
separated by a distance r ,  and the sums run over all non- 
bonded pairs. 

As one would expect, the size of the overlap correction 
increases with chain length and decreases with chain stiff- 
ness. For a tangent hard-sphere model (u = 1) with tP = 
1 and 80 = x/3, AN ranges from 0.043 when N = 20 to 
0.135 when N = 2000. It is interesting to note that these 
values are considerably smaller than those required for 
Gaussian and freely jointed chains with the same persis- 
tence length.3 For the tangent hard-sphere chain with 
tP = 31, AN is reduced to 0.00015 when N = 20 and to 
0.005 when N = 2000, so that the overlap correction is 
essentially negligible. As a result of the pair approxima- 
tion used in formulating eq 27 (which overestimates the 
volume occupied by three or more overlapping sites), these 
estimates represent upper bounds on the true size of the 
c~ r rec t ion .~  

D. Soft-core Potentials. Grest and Kremer have 
recently performed molecular dynamics simulations on 
dense systems of chains ranging from 10 to 400 mono- 
meric  unit^.^,^^ Given the general paucity of simulation 
data for off-lattice polymer melts, these calculations rep- 
resent valuable benchmarks for assessing the accuracy 
of approximate theoretical models. The molecular model 
they examined, however, differs slightly from the hard- 
chain model considered here. In particular, bonds were 
allowed to vibrate within a stiff FENE (finite extensible 
nonlinear elastic) potential well, and, in place of the hard- 
sphere potential, nonbonded interactions were governed 
by a shifted, repulsive, Lennard-Jones potential 

which vanishes a t  r = ~WJLJ in such a way that the poten- 
tial energy and force remain continuous. Here, ULJ refers 
to the Lennard-Jones site diameter (as distinct from the 
hard-site diameter a). 

To meaningfully compare the RISM predictions to the 
simulation results, an accounting must be made for the 
differences in their respective chain models. In the sim- 
ulations, the average squared bond length was observed 
to be ( 1 2 )  = 0 . 9 4 u ~ , ~ ~ ,  and bond-length fluctuations were 
very small by construction of the FENE potential. Accord- 
ingly, in the RISM calculations we employ a fixed bond 
length of 1 = 0 . 9 4 1 / 2 ~ ~ ~ .  To  account for the soft core of 
the repulsive Lennard-Jones potential, we use the highly 
accurate, perturbative method developed by Andersen, 
Weeks, and Chandler,25 as discussed in ref 4. In brief, a 
state-dependent, effective hard-sphere diameter is cho- 
sen in order to minimize the difference between the Helm- 
holtz free energies of the repulsive Lennard-Jones and 
hard-chain fluids. This is accomplished by annulling the 
first-order term in an expansion of the free energy of the 
repulsive Lennard-Jones system about a hard-chain ref- 
erence fluid. Within the framework of polymer RISM 
theory, the optimum hard-sphere diameter is then given 
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Figure 2. Comparison of theoretical and simulation results for 
the intramolecular structure factor of 50-mers, plotted in stan- 
dard Kratky form. Points are the molecular dynamics results 
of Grest and Kremer.4 The solid curve represents the semiflex- 
ible chain; the dashed curve corresponds to the nonoverlapping 
freely jointed chain of ref 4. Wave vectors are scaled with the 
Lennard-Jones site diameter. 

by4 

e-uLJ(r)/kBr)r2 dr = 0 (30) 

In practice, the effective u is determined numerically, 
using an iterative, trial-and-error procedure. An initial 
guess for u is made, and the RISM equations are solved 
for cHs(r) and gHS(r), The left-hand side of eq 30 is then 
evaluated and used to construct the next estimate for u. 
This process is repeated until eq 30 is satisfied to within 
a specified tolerance-in the present case, 10-6. Gener- 
ally, five to eight iterations are sufficient for conver- 
gence. Note that on each iteration, the size of the over- 
lap correction given by eqs 27 and 28 changes slightly 
due to the adjusted u. For chains of 50-200 sites, the 
ratio of u ,  ULJ ranged from 1.0145 to 1.0148. These val- 
ues are very similar to those previously obtained for freely 
jointed chain modelsn4 

Within the context of the Anderson-Weeks-Chandler 
perturbation theory, the radial distribution function for 
the soft-core fluid is then given by4,25 

glJ(r) zz -cHS(r)e-Uw(r):kRT r 5 O 
gHSr r)p-L'Ow(r'/kBT _< r 5 21/egW 

E gHS(r) r L 2 ' " j 0 - ~  (31) 
This correction decreases the peak a t  contact by roughly 
2096, relative to gHS(r), and shifts it outward to the vicin- 
ity of 1.070. 

111. Numerical Results 
A. Comparison with Simulation. Predictions for 

the intramolecular structure factor of the semiflexible chain 
(SFC) are plotted in standard Krakty form in Figures 2 
( N  = 50) and 3 (N = 200) along with the molecular dynam- 
ics (MD) results of Grest and Kreme~- .~ ,~ '  Simulations 
were performed at a site density p,uu3 = 0.85. Also shown 
in Figure 2 are the predictions for the nonoverlapping 
freely jointed chain (NFJC) discussed previously in ref 
4. In the NFJC model, the chain segments are freely 
jointed, but unphysical overlaps between nonbonded seg- 
ments are explicitly removed from the intramolecular dis- 
tribution function.3 

0 1 2 3 4 

kQL, 

Figure 3. Comparison of theoretical and simulation results for 
the intramolecular structure factor of 200-mers, plotted in stan- 
dard Kratky form. Points are the molecular dynamics results 
of Grest and Kremer.4 The solid curve represents the semiflex- 
ible chain; the dashed curve corresponds to the nonoverlapping 
freely jointed chain of ref 4. Wave vectors are scaled with the 
Lennard-Jones site diameter. 

In each plot, the persistence length of the SFC was 
determined by matching the average squared end-to- 
end distance to the random-walk scaling form observed 
in the  simulation^^^^^ 

In this way, {, /1 was found to range from 1.43 for N = 
50 to 1.41 for A' = 200. It is interesting to note that 
these values are only slightly larger than the value 1.38 
obtained by neglecting all excluded-volume interactions 
save the short-range interaction given by eq 11 (Le., set- 
ting t = 0 in eqs 10, 23, and 24). This reinforces the 
notion that, in dense melts, chain expansion is primarily 
a local phenomenon which can be accurately repre- 
sented by ideal models of the type considered here. (Inci- 
dentally, the persistence lengths given above correspond 
to a freely rotating chain with fixed bond angles in the 
neighborhood of 107O-quite close to the tetrahedral angles 
present in n-alkanes.) 

The general shape of the SFC and MD Krakty plots 
in Figures 2 and 3 can be broken into three distinct 
regions:24 a Gaussian branch a t  small k characterizing 
the global dimensions of the chain; a transition region, 
where w ( k )  a k2; and an outer branch where w ( k )  - 1. 
Both the SFC and NFJC models give good agreement 
with simulation in the Gaussian regime, confirming the 
usefulness of idealized models in describing the long- 
wavelength properties of real chains. Similarly, for large 
wave vectors, where w ( k )  is dominated by self- and rig- 
id-bond correlations, one expects good agreement between 
the various models (simulation results extend only to kau 

4). However, in the intermediate, plateau region, the 
SFC offers substantial improvement over the NFJC pre- 
dictions. 

This intermediate scaling regime, Rg-l 5 k 5 hl, is of 
particular importance, as it characterizes local chain stiff- 
ness. One can gain some qualitative insight into the loca- 
tion and shape of this transition region by considering 
the behavior of a single ideal chain.4 In the intermedi- 
ate wave vector regime, the intramolecular structure fac- 
tor is expected to scale as26 

k 2 G ( k )  zz 12N/(R2) (33) 
For long chains, ( R 2 )  - Nl(25, - 1 )  (see eqs 17 and 261, 
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Figure 4. Intermolecular radial distribution function for soft- 
core 50-mers at 7 = 0.463. Points are the simulation results of 
Grest and Kremer4 (some points are omitted for clarity). Curves 
are the predictions of polymer RISM theory using the semiflex- 
ible model (solid), the nonoyerlapping freely jointed model 
(dashed), and the simulated w ( k )  displayed in Figure 2 (dot- 
ted). Distances are scaled by the Lennard-Jones site diameter. 
so that 

k*&) r 12/[1(2F, - l ) ]  (34) 
The height of the plateau is thus a decreasing function 
of the persistence length. For Gaussian and freely jointed 
modeJs, where tP = 1, one expects the plateau to occur at  
(ku2)w(k)  = 12(a/02 (or, for finite length chains, a t  slightly 
smaller values); the loop in the nonoverlapping freely 
jointed curve in Figures 2 and 3 is caused by the explicit 
removal of intramolecular site-site overlaps from w ( r ) ,  
which induces some stiffness in the model. For the SFC, 
this approximate calculation places the plateau in the 
neighborhood of 6.5-7, in line with the results shown in 
Figures 2 and 3. 

Overall, the SFC model appears to give a fairly accu- 
rate representation of the intramolecular structure fac- 
tor, particularly for N = 50. For N = 200, the agree- 
ment drops off slightly (although statistics from the sim- 
ulations suggest that the N = 200 MD results may be 
somewhat less reliable2'). Both the N = 50 and N = 200 
theoretical curves deviate from the MD results, how- 
ever, in the transition from plateau to large-k behavior, 
3 < k a u  < 6. This may be due to some residual non- 
physical overlap between neighboring nonbonded sites 
separated by two or three bonds. Although eq 11 was 
intended to explicitly remove overlaps between sites sep- 
arated by two bonds, the Koyama distribution is only an 
approximate representation, based on ideal moments, of 
the true w ( r )  and, as such, allows for some residual over- 
lap between second neighbors. Since the structure fac- 
tor in this regime is extremely sensitive to correlations 
over distances of order 1, unrealistic short-ranged over- 
laps could be a source of error in w(r ) .  Along these lines, 
we found that if the calculations were repeated with the 
same values for Ep but with 60 = 0 (so that the stiffness 
remained constant, but overlaps were not otherwise dis- 
couraged [eqs 11, 23, and 24]), the SFC curves shifted 
farther away (upward) from the MD results and that the 
transition from plateau to rigid-rod domains became less 
distinct. 

In Figures 4-6, RISM predictions for the intermolec- 
ular radial distribution function, gh), of the SFC are com- 
pared to  simulation results for N = 50,100, and 150. Also 
shown in Figure 4 are the NFJC and "exact" predictions, 
discussed previusly in ref 4. The "exact" results were 

~ ~ U L J  

Figure 5. Intermolecular radial distribution function for soft- 
core 100-mers at 7 = 0.464. Points are the simulation results 
of Grest and KremerZ1 (some points are omitted for clarity); 
the curve denotes the predictions of the semiflexible model. Dis- 
tances are scaled by the Lennard-Jones site diameter. 
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Figure 6. Intermolecular radial distribution function for soft- 
core 150-mers at 7 = 0.464. Points are the simulation results 
of Grest and KremerZ1 (some points are omitted for clarity); 
the curve denotes the predictions of the semiflexible model. Dis- 
tances are scaled by the Lennard-Jones site diameter. 

obtained by substituting the simulated &(k) (plotted in 
Figure 2 )  into the polymer RISM formalism. On short 
length scales, the local structure is seen to be "liquid- 
like", displaying shells of first- and second-nearest neigh- 
bors. Over longer distances, though, the curves exhibit 
a spatially slowly varying "correlation hole", correspond- 
ing to relative absence of neighboring sites due to intramo- 
lecular ~creening.~.~8 

Overall, the agreement between the SFC and MD pre- 
dictions is quite good on all length scales, a slight ten- 
dency to underestimate the depths of the second and third 
valleys notwithstanding. The improvement over the 
"exact" results at  contact, however, must be regarded as 
fortuitous. (Indeed, RISM, as well as its precursor, the 
Percus-Yevick theory, is known to be less reliable near 
contact.29) The NFJC predictions are in qualitative agree- 
ment with simulation at small r ,  becoming more accu- 
rate as the distance is increased. This is a reflection of 
the accuracy of the NFJC in the relatively small-k (large-r) 
regime and of its shortcomings in the intermediate scal- 
ing regime. Indeed, given the differences between the 
simulated and NFJC o ( k )  for k a u  > 1, the overall agree- 
ment between their g ( r )  is quite remarkable. This high- 
lights the utility of coarse-grained descriptions in describ- 
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Figure 7. Intermolecular radial distribution function for tan- 
gent hard-sphere chains at a fixed persistence length, tP = E ,  
and three degrees of polymerization: N = 20 (dashed), 200 (dot- 
ted), and 2000 (solid). Distances are scaled by the hard-site 
diameter; the total monomer packing fraction is 7 = 0.5. For 
N = 20, g ( u )  -- 1.65: for N = 200, g ( u )  == 0.67; and for N = 2000, 
g ( u )  0.46 

ing correlations on longer length scales and, at the same 
time, underscores the need to have an accurate represen- 
tation of local stiffness in the intermediate scaling regime 
to predict short-range structure. 

As the chain length is increased (Figures 5 and 61, the 
height of the first peak in the SFC predictions drops off 
slightly relative to the molecular dynamics results, which 
appear remarkably insensitive to chain length. The over- 
all agreement, however, remains very good. This decrease 
in the contact value relative to the simulation results may 
be due to the greater likelihood of intramolecular over- 
lap for the longer chains, which can more easily bend 
back and self-intersect, increasing reliance on the approx- 
imate overlap correction described in section 1I.C. Along 
these lines, we repeated the calculations setting AN = 0 
in eq 27,  so that the overlap correction was omitted. As 
expected, this resulted in a damping of the short-range 
structure, decreasing the height of the first peak by ca. 
5-6' and the depth of the first valley by roughly 1 ' 0 .  A 
much larger effect was obtained by holding the stiffness 
of the chains fixed (i.e., EP) while setting E* = 0 in eqs 23 
and 24, so that overlaps between sites separated by two 
bonds were no longer actively suppressed. This pro- 
duced a larger damping effect, decreasing the height of 
the first peak by 12-1450 and the depth of the first val- 
ley by ca. 5 ' ~ .  Apparently, an accurate representation 
of intramolecular correlations over distances of two to 
three bond lengths is the key to obtaining quantitatively 
reliable predictions for the local structure. 

B. Parametric Studies. Having demonstrated the 
accuracy of polymer RISM theory, we now turn to an 
examination of the effects of chain stiffness and chain 
length on the local structure of melts. Figures 7-10 show 
a series of plots, each at a fixed persistence length, of 
g(rj vs r for chain lengths ranging from 20 to 2000. These 
calculations were performed on a tangent hard-sphere 
model ( c / l  = 1) at a packing fraction 7 = 0.5. 

Figure 7 displays results for flexible chains (Ep = 1 )  of' 
lengths N = 20, 200, and 2000. The short-range struc- 
ture for these flexible chains is seen to be a strong func- 
tion of N .  In the high-polymer fluid ( N  = 2000) the local 
density is depleted relative to  the bulk, while in the short- 
chain fluid ( N  = 20), i t  is enhanced. This behavior may 
be attributed to  the high degree of intramolecular flexi- 
bility, which is conducive to the formation of relativelv 

t 1 to=  21 

1 2 3 4 5 6 

r /a 
Figure 9. Intermolecular radial distribution function for tan- 
gent hard-sphere chains at a fixed persistence length, Ep = 21, 
and two degrees of polymerization: N = 20 (dashed) and 2000 
(solid). Distances are scaled by the hard-site diameter; 9 = 0.5. 
For N = 20, g ( u )  = 3.18; for N = 2000, g(a) = 2.61. 

t 1 [ ,=31  
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r /a 
Figure 10. Intermolecular radial distribution function for tan- 
gent hard-sphere chains at a fixed persistence length, &, = 31, 
and two degrees of polymerization: N = 20 (dashed) and 2000 
(solid). Distances are scaled by the hard-site diameter; 7 = 0.5. 
For N = 20, g(u)  = 3.23; for N = 2000, g(a) = 2.96. Results for 
&, = 51 are nearly identical with those shown here. 

compact coils. For example, in the N = 2000 case, an 
individual site is likely to  find itself embedded in a sea 
of intramolecular neighbors which effectively exclude sites 
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on other chains from the neighboring vicinity. This 
intramolecular screening gives rise to the correlation hole 
in the intermolecular radial distribution function, reflect- 
ing the relative absence of intermolecular neighbors. As 
the chain length is decreased, the shielding effect dimin- 
ishes and g(r) shifts upward, so that by N = 20 there is 
a relative enhancement of sites near contact (r = u), though 
a shallow correlation hole persists out to r i= 3u. 

As chain stiffness is increased, there is a dramatic change 
in the local structure (Figures 8-10). Figure 8 shows results 
for N = 20, 200, and 2000 a t  tP = (4/3)1. This is the 
persistence length obtained by setting e*  = 0 in eqs 23 
and 24 and physically corresponds to a freely jointed model 
in which all excluded-volume interactions are neglected 
except those between sites separated by two bonds. 
Although there is a net correlation hole over the range 1 
C r < 6, each of the curves shows a pronounced peak a t  
contact and the weak shells of more distant neighbors. 
Clearly, as the local stiffness is increased, intramolecu- 
lar screening is reduced and interior sites become much 
more susceptible to intermolecular contacts. 

This trend is intensified in Figures 9 (Q = 21) and 10 
(FP = 30, where, for clarity, the N = 200 results have 
been omitted. For these stiffer models, g(r) appears rel- 
atively insensitive to chain length and exhibits a decay- 
ing oscillatory structure reminiscent of monatomic flu- 
ids. For a monatomic fluid a t  7 = 0.5, the Percus- 
Yevick theory22 predicts a contact value of g(a) = 5 (as 
compared to the Carnahan-Starling prediction30 of g( u) 
= 6). As the chain length is increased from one though, 
intramolecular-screening and correlation-hole effects are 
quickly established, so that by N = 20, the local struc- 
ture of these stiff chains is nearly identical with that of 
high polymers ( N  = 2000). This is consistent with MD 
results shown in Figures 4-6 and would seem to imply 
that, for stiff chains, the local effects of intramolecular 
screening are essentially independent of molecular weight. 
The largest difference between the two curves in Figure 
10 appears a t  contact, though even here, g(a) decreases 
by only 8% as N varies over 2 orders of magnitude. 

A second trend emerging from a comparison of Fig- 
ures 7-10 is that as chain stiffness is increased, the local 
structure also becomes independent of &,. Evidently, once 
enough stiffness has been introduced into the model to 
open the coils up and expose their interior sites, further 
straightening of the chains has little effect on local pack- 
ing in the isotropic phase. To  examine this further, we 
repeated the calculations for N = 20, 200, and 2000 and 
Ep = 5. A t  all r, the results were virtually indistinguish- 
able from those shown in Figure 10. 

Figure 11 shows the effect of varying the packing frac- 
tion at  constant N and &,. Results are for a 200-site chain 
a t  tP = 21 and 7 ranging from 0.1 to 0.4. A t  low densi- 
ties g(r) is dominated by self-screening effects, and a pro- 
nounced correlation hole is present, essentially devoid of 
significant structure. Under these conditions, where there 
is a relatively large amount of free volume, the reduction 
in configurational entropy required to bring two chains 
close enough together that they have a significant num- 
ber of sites in close proximity is too great, and, on aver- 
age, chains tend to remain apart, filling the available void 
~paces .~1  Cusps in the profiles can be identified a t  r / a  
= 2 and stem from the use of rigid bonds in the m ~ d e l . ~ , ~ ~  
As the density is increased, chains are forced to pack closer 
together, leading to a steady evolution of short-range struc- 
ture. By 7 = 0.5 (Figure 9) a site finds itself completely 
surrounded by neighboring sites and cannot easily dis- 
tinguish between those that are members of the same 
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Figure 11. Packing-fraction dependence of the intermolecu- 
lar radial distribution function. N = 200, Ep = 21, and 9 = 0.1 
(dash-dot), 7 = 0.2 (dot), 7 = 0.3 (dash), and 7 = 0.4 (solid). 

chain and those that are not. Under these conditions, 
the local structure begins to resemble that of a simple 
monatomic fluid, exhibiting the familiar peak and val- 
ley pattern. This qualitative picture forms the underly- 
ing motivation for several mean-field equations of state 
for chains based on monatomic reference How- 
ever, a shallow, long-range correlation hole must still be 
present due to chain connectivity, excluded volume, and 
the near incompressibility of dense m e l t ~ . ' - ~ J ~  

The connection to thermodynamics is most readily made 
through the compressibility equation, which relates the 
isothermal compressibility, KT = p,l(dp,/dP)T to the total 
density  fluctuation^.^^ (Here, P denotes the pressure.) 
In terms of site-site correlation functions, the compress- 
ibility equation may be written1ps.8 

where the right-hand side of eq 35 will be recognized as 
the zero wave vector limit of the static structure factor. 
Substituting from the transformed, generalized Ornstein- 
Zernike equation (eq 3), this result becomes 

(36) 

where we have used the identity &O) = N .  In principle, 
eq 36 can be integrated over density, providing a straight- 
forward route to the equation of state.6 

In Figure 12, predictions for the isothermal compress- 
ibility a t  7 = 0.5 are plotted in dimensionless form over 
a range of persistence lengths as a function of inverse 
chain length. The flexible-chain fluids exhibit a rela- 
tively large compressibility and N dependence. As the 
persistence length is increased, however, KT becomes much 
smaller and (like the radial distribution function) rela- 
tively insensitive to chain length or persistence length. 
This suggests that flexible Gaussian and freely jointed 
models will tend to overestimate KT, relative to  real chains 
with excluded volume. This accounts, in part, for the 
anomalously low predictions for the pressure previously 
obtained from the compressibility equation for freely 
jointed chains.6 

The drop in compressibility as stiffness is increased 
may be understood by noting that although the differ- 
ent fluids represented in Figure 1 2  are a t  the same pack- 
ing fraction, they are not a t  the same pressure. For hard 
chains, the pressure is roughly proportional g(a).6 Accord- 
ingly, the stiff-chain fluids are a t  much higher pressures 
than their flexible counterparts and, as such, would be 
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Figure 12. Dimensionless isothermal compressibility vs inverse 
chain length. Each curve is for a fixed persistence length: tp 
= 1 (dash), Fp = 1.331 (dash-dot), Ep = 21 (dot), and Ep = 51 
(solid). Note that as Ep increases, KT becomes relatively insen- 
sitive to chain length and stiffness. Points are polymer RISM 
results; curves are intended as a guide to the eye. (For tP = 1 
and N = 5000, ~ B T U ~ K T  = 0.338.) 

expected to be less compressible. This result is consis- 
tent with the intuitive physical argument that if the chains 
are imagined to be confined in a box subject to a small, 
virtual compression, the stiff chains will offer more inter- 
nal resistance to the compression than will their flexible 
counterparts, which can more easily rearrange to accom- 
modate the decrease in volume. 

IV. Conclusions 
Our aim in applying polymer RISM theory to semi- 

flexible melts has been twofold: (i) to demonstrate the 
accuracy of the theory in describing real chain systems 
with excluded volume and (ii) to investigate the effects 
of chain stiffness and length on the local structure and 
isothermal compressibility. To this end, we developed a 
semiflexible model which is the discrete analogue of the 
continuous, wormlike chain. In this model, local stiff- 
ness is controlled by a single parameter, the persistence 
length, which, through a matching procedure, can be 
adjusted to reflect the local stiffness present in real chains 
due to molecular bonding constraints and torsional poten- 
tials, as well as induced stiffness arising from residual, 
unscreened excluded-volume interactions. The intramo- 
lecular structure factor is approximated by using the 
Koyama distribution, thus providing the required input 
into the RISM formalism. I t  is worth noting that the 
methods employed here are not limited to the SFC but, 
rather, can be applied to any model for which the sec- 
ond and fourth moments of the end-to-end probability 
distribution are known. 

Comparison of the predicted intramolecular structure 
factors with the simulation results of Grest and Kremer 
indicates that the SFC model, in conjunction with the 
Koyama distribution, gives a much more accurate repre- 
sentation of intramolecular structure than either Gaus- 
sian or NFJC models, particularly in the intermediate 
scaling regime. Predictions for the intermolecular radial 
distribution function are found to be in excellent agree- 
ment with simulation results on all length scales, con- 
firming the accuracy of polymer RISM theory when com- 
bined with a realistic model for intramolecular struc- 
ture. These comparisons represent a rather stringent test 
in two respects: First, the bead-spring model used in 
the simulations had no inherent stiffness-all apparent 
stiffness was induced through unscreened, excluded-vol- 
ume interactions which the SFC had to account for by 
an effective persistence length; and second, the relative 

flexibility of the simulated chains increased reliance on 
the approximate overlap correction described in section 
1I.C. For chains with an inherent local stiffness imposed 
by bonding constraints and rotational potentials, both 
of these effects will be diminished. The calculations 
reported here, in conjunction with experimental and com- 
putational confirmation of the ideality theorem, suggest 
that ,  for dense melts, an accurate representation of 
intramolecular structure over a distance of two to three 
bond lengths is more important than a rigorous account- 
ing of long-range excluded volume. 

Parametric studies of the tangent hard-sphere model 
show a relatively large N dependence in g ( r )  for flexible 
chains. However, as the persistence length is increased, 
both KT and the local structure saturate, becoming rela- 
tively insensitive to chain length and chain stiffness. 

A promising feature of the SFC is that it appears ame- 
nable to a self-consistent treatment of the intramolecu- 
lar and intermolecular correlations. In this study, the 
persistence length is determined by matching ( R2) to sim- 
ulation results. However, it would be desirable to develop 
a self-contained theory in which the persistence length 
is naturally determined through a self-consistent treat- 
ment of the intra- and intermolecular correlations. This 
is of particular interest in treating dilute solutions, flex- 
ible conjugated polymer and polymer blends, 
where the ideality approximation might be expected to 
seriously break down. We have recently developed a the- 
oretical framework which accounts for the coupling between 
intra- and intermolecular pair correlations and avoids the 
matching procedure used here. Numerical calculations 
along these lines are in progress. 
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ABSTRACT: Three polythioesters containing the 4,4’-dithiobiphenyl group have been synthesized by reac- 
tion under interfacial conditions of 4,4’-dimercaptobiphenyl with 1,5-~entanedicarbonyl dichloride (poly- 
mer P5), 1,lO-decanedicarbonyl dichloride (polymer PlO), or 1,13-tridecanedicarbonyl dichloride (polymer 
P13). They were characterized by FT-IR, 1H NMR, and GPC methods, and their phase behavior was 
investigated by DSC, polarizing microscopy, and X-ray diffraction techniques. The DSC heating curve of 
each polymer shows two endothermic signals that are almost coalescent in the case of P13, indicating that 
the second phase transition occurs in addition to  melting. The X-ray diffraction evidence suggests that for 
polymers P 5  and P10 the first phase transition is a solid-solid one. These polymers melt to  an isotropic 
liquid. Some birefringence may reversibly be induced by mechanical shear of this phase whose X-ray dif- 
fraction pattern is typical of an amorphous structure. The first phase transition observed for P I 3  is the 
melting. An optically anisotropic liquid is produced whose morphological features are indicative of a nem- 
atic liquid crystal. This phase has a narrow thermal stability rmge. Possible effects of molecular weight 
on the phase behavior are not taken into account; they could play some role in the case of P10. 

Introduction 
The liquid crystal properties of some polyalkanoates 

of 4,4‘-dihydroxybiphenyl have been investigated by sev- 
eral authors1*2 and particularly by Krigbaum et a l a 3 s 4  Their 
nematogenic or smectogenic character, depending on the 
odd or even number of methylene groups contained in 
the flexible spacer, has been discussed. 

This article reports the results of an investigation of 
the phase behavior of three polythioesters containing 4,4’- 
dithiobiphenyl groups. Some results of an investigation 
on the possible consequences of replacing with sulfur atoms 
oxygen atoms of ester groups are available for some low 
molecular weight mesogenic thiobenzoatess-7 or for sev- 

eral cholesteric mesogens such as 3/3-(n-alkanoylthio)-5a- 
cholestene8 or  3/3-( (o-phenylalkanoyl)thio)-5a- 
cholestene;8-11 in addition, the effect of the substitution 
has been discussed for polymeric liquid crystals contain- 
ing e ther  or thioether groups.12 As a general trend, sul- 
fur-containing compounds have higher mesophase stabil- 
i ty  than the oxygenated homologues. 

Results and Discussion 
Polythioesters were obtained by reacting 4,4’- 

dimercaptobiphenyl (DMB) with aliphatic acid dichlo- 
rides under interfacial conditions in the presence of ben- 
zyltriethylammonium chloride (BTEAC) as the catalyst, 
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